A Model for Unsteady Analysis

of Preform Drawing

A model is introduced for analyzing diameter variations occurring in
glass fibers drawn from preforms. The heat transfer is shown to be
radiation-dominated, and approximate expressions for radiative ex-

change are developed. The expressions are used in the one-dimen-
sional governing equations for extensional flows to derive a set of
linearized disturbance equations. Susceptibility to the draw-resonance
instability is determined by solving the disturbance equations as an
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eigenvalue problem. The sensitivity to an oscillatory take-up rate is also
studied as a boundary-value problem. Calculated amplitudes of final
diameter perturbations are found to agree well with experimental val-

ues.

Introduction

In the manufacture of fibers and other optical components,
precise diameter control is critical to the performance of the
product. Variations in fiber diameter can result from an insta-
bility of the draw-down flow. Unsteady feed-in rates, heat
sources, or take-up speeds will also lead to perturbations to the
steady flow and ultimately to diameter nonuniformities. It is of
significant interest to quantify the sources of diameter varia-
tions for a given set of operating conditions.

Of particular interest here is preform drawing, wherein fibers
are produced by applying tension to the bottom of a glass rod as
it is lowered into a furnace. Due to the close proximity of the
furnace wall, estimates of convective heat transfer based upon
boundary layer theories are not applicable. A scaling of vari-
ables which includes furnace dimensions and temperatures re-
veals that radiation is the dominant form of heat transfer in pre-
form drawing.

Models of viscous draw-down flows are typically based upon a
“quasi-one-dimensional” approximation, in which the spatial
dependence of the axial velocity, pressure, and temperature is
entirely in the axial direction. Glicksman (1968) derived the
one-dimensional equations for steady-state glass flows. Kase
and Matsuo (1965) developed the time-dependent, one-dimen-
sional equations appropriate for polymer spinning and obtained
steady-state solutions to them.

Studies of unsteady fiber drawing have included numerous
treatments of isothermal flows. Pearson and Matovich (1969)
calculated the diameter response to unsteady boundary condi-
tions. Gelder (1971), with linear stability theory, explained the
resonant responses obtained by Pearson and Matovich. Ishihara
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and Kase (1975), Fisher and Denn (1975), and Schultz et al.
(1984) performed nonlinear analyses of this “draw-resonance”
instability. These investigations showed that viscous-dominated,
isothermal extensional flows become unstable when the exten-
sion ratio (ratio of final to initial fiber velocity) exceeds the rela-
tively small value of 20.21.

The linear stability of nonisothermal drawing has been stud-
ied by Shah and Pearson (1972a,b), Kase (1974), Pearson and
Shah 1974), Pearson et al. (1976), Fisher and Denn (1977), and
Mhaskar and Shah (1977). [See the review articles by Petrie
and Denn (1976) and Denn (1980) for a more comprehensive
list.] In all of these analyses, it was assumed that the total heat
transferred from the fiber was proportional to a heat transfer
coefficient times the fiber temperature measured above an am-
bient temperature. It was found that stability was greatly
enhanced (i.e., the critical extension ratio increased significant-
ly) as the heat transfer capability increased.

From a practical standpoint, the stability of a draw-down pro-
cess is usually of less concern than its sensitivity to small exter-
nal disturbances. Kase and Matsuo (1967) calculated the fiber
area response to an abrupt increase in cooling air velocity. Kase
and Araki (1982) and Young and Denn (1988) determined the
frequency response to a variety of disturbances, including take-
up speed, spinneret temperature, and extrusion speed. Other
sensitivity studies are documented in Denn (1980).

Due to the absence of a radiative-heat-transfer model, the
above nonisothermal investigations apply primarily to extrusion
processes, wherein the fiber is pulled into air from an orifice.
Geyling and Homsy (1980) account for radiation transfer by
allowing exchange with an effective farfield temperature which
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varies in the axial direction. The configuration factor between
the glass surface and the furnace wall is not taken into account,
nor is the variation of emissivity with glass radius. In their anal-
ysis of steady flows Paek and Runk (1978) account for the neck-
down shape in the calculation of radiation heat transfer. How-
ever, their expression becomes singular as the preform radius
approaches the furnace radius (an important limit in practice.)
As far as the author is aware, the expression has not been correc-
ted.

In order to obtain quantitative information about diameter
variations arising in preform-drawing processes, it was neces-
sary to construct a model which systematically includes the
important components of radiation heat transfer. In this paper a
radiation model is developed which accounts for the shape of the
preform, the variation in emissivity with preform radius, and the
spectral dependence of glass properties. A set of mean and
linearized disturbance equations is derived by inserting the
model into the one-dimensional equations of motion. The distur-
bance equations are solved as an eigenvalue problem to deter-
mine the susceptibility of the flow to the draw-resonance insta-
bility. The sensitivity to an unsteady take-up rate is analyzed as
a boundary value problem, and the results are compared with
experimental values.

Silica glass properties are used whenever specification is nec-
essary, though extension of the theory to include other types of
glasses is straightforward.

Governing Equations

Consider a glass preform of initial radius R, inside of a fur-
nace liner of radius b, as shown in Figure 1. The liner extends
from z = 0 to z = L, where the positive z axis extends downward
and coincides with the axis of rotation of the system. Between
the glass and the wall there is often a flow of purge gas to pre-
vent combustion.

The temperature profile of the liner (discussed further in the
next section) has the form displayed to the right in Figure 1. The
maximum of the profile is only slightly (roughly 20% in absolute
temperature) higher than the softening point T,. As the preform
descends its temperature increases until it reaches T at the loca-
tion z,. At this point the preform begins to contract under ten-
sion. The radius of the elongating preform as a function of axial
position is denoted by R(z). The melt cools after it passes the
hottest part of the furnace; at coordinate z, the temperature has
decreased to the softening point. In this paper it will be assumed
that the glass instantaneously freezes (and unfreezes, during
heating) when its temperature reaches 7.

If the molten glass jet is slender, i.e., if the initial radius of the
jet is small compared to the draw-down length, the full equa-
tions of motion can be approximated by a set of quasi-one-
dimensional equations. In the one-dimensional model, the pres-
sure, axial velocity, and temperature depend only on the axial
coordinate and time. Under isothermal conditions, Schultz and
Davis (1982) derived the one-dimensional equations of motion
as the leading-order equations in an asymptotic expansion based
upon the jet slenderness ratio. A similar analysis under noniso-
thermal conditions requires consideration of the full integro-dif-
ferential equations of heat transfer, and hence is considerably
more difficult. Here we rely on the experimental evidence of
Geyling and Homsy (1980) to justify the one-dimensional
assumption for preform drawing. We assume that inertia, gravi-
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Figure 1. Cross-sectional view of preform-drawing sys-
tem.
Temperature profile of furnace liner is shown at the right.

ty, and surface tension are negligible in relation to the viscous
stress, though the nonviscous forces can be incorporated with no
conceptual difficulty. The viscous-dominated assumption is sat-
isfied in typical preform-drawing operations. The governing
equations are well known (for example, Glicksman, 1968) and
can be easily derived by performing a mass, momentum, and
energy balance on a cylindrical control volume of small axial
extent. The equations for a Newtonian fluid are:

Continuity:
(%(Rz) ; ;—Z(sz,) _o. o
Momentum:
R WG T R o @
Energy:
i e

- 21rR(qe — g, + qc) (3)
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Boundary Conditions:

Atz =z
R=R, (4a)
v, =V, (4b)
T=T, (4¢)
Atz =2z
U, = Vl (4d)
T-T. (4e)
where
t = time

R(z, t) = radius of the jet
T(z, t) = temperature

v,(z, t) = axial velocity

The relevant glass properties are the thermal conductivity, %,
the density, p, the specific heat, c,, and the viscosity, g, which is
a strong function of T. The terms, g, and ¢,, are the emitted and
absorbed radiative energy per unit area, and g, represents the
convective heat transfer to the surrounding gas. The various
forms of heat transfer will be considered further.

The ability of the glass to transfer heat to the surrounding
purge gas is determined by the velocity and thermal properties
of the gas. The proper scaling of this convective heat transfer
can be determined in the following way. For the purge gas inside
the draw-down zone, the ratio of the amount of energy con-
vected in the axial direction to the heat which diffuses between
the glass surface and the furnace wall is E2RePr, where Re is the
Reynolds number based on L, Pris the Prandtl number, and E =
b/L measures the slenderness ratio of the glass jet. Order-of-
magnitude estimates for Re, Pr, and € are 100, 1, and 0.1, mak-
ing the above product of order unity. Thus, convection and diffu-
sion of temperature are comparable; no boundary layer exists on
the surface of the fiber. The convective heat transfer from the
glass to the air,

oT
ko=
gas ar » (Sa)
then scales as
ko AT,
-”T__ s (Sb)

where AT, is a representative temperature difference between
the surface of the glass and the wall. An estimate for A7, is the
axial-temperature-difference scale AT, equal to the difference
between the maximum furnace liner temperature and 7,. Note
that for extrusion processes A7, is comparable to T, and the
boundary layer thickness is small compared to b, making con-
vective heat transfer much more important than for preform
drawing.

The magnitude of the net radiative heat transfer g, — g, is of
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order
U(T;lass - T:mll) =~ 46T3AT7) (6)

where o is the Stefan-Boltzman constant. By dividing Eq. 56 by
Eq. 6, we find that the convective heat transfer is over two orders
of magnitude smaller than the radiative heat transfer for 7, =
1,900 K (appropriate for silica glass) and furnace dimensions on
the scale of centimeters.

The effect of conduction is likewise small relative to radiative
exchange with the furnace, even when a “radiation conductivi-
ty” is considered. At high temperatures, radiation conductivity
is larger than regular conductivity. The term representing axial
conduction of heat in Eq. 3 is of magnitude

E’rk,AT,, (7a)
where
—16n%6T?
k, ~ Zonols , (7b)
3a

and n is the index of refraction and a the absorption coefficient.
For silica glass at 2,000°C, the concept of radiation conductivity
is valid for wavelengths above 3 um, where a ~ 4 cm™! provides a
reasonable estimate. By using this value in Eqs. 7 and compar-
ing with 2 7 b times Eq. 6, we see that conduction is weaker than
radiation exchange with the wall by at least a factor of B2,

We have found that, under conditions which prevail in pre-
form-drawing processes, conduction may be neglected along
with convective heat transfer to the surrounding gas. A good
approximation to the energy equation is then

T N oT 2
— v —— —
ot * 9z pC,R

(9. — 4)- ®)

Radiation Model

The assumptions made in the radiation model are the follow-
ing:

1) The radiation from the glass to the liner does not signifi-
cantly affect the liner temperature. This assumption is good
throughout most of the draw-down zone, since the glass occupies
only a small fraction of the furnace volume. In addition, for pre-
form diameters normally used in practice, glass is transparent to
much of the radiation emitted by the wall. At 2,000°C silica
glass preforms are essentially transparent to over 70% of the
blackbody radiation. Hence the temperature of the liner can be
decoupled from that of the glass.

2) The furnace liner is a diffuse gray surface. The difficulties
associated with measuring high temperatures makes theoretical
predictions worth pursuing. When the liner is a diffuse gray sur-
face, and its temperature is essentially decoupled from that of
the glass, the temperature and intensity profile can be calcu-
lated by the method of Usiskin and Siegel (1960). The axial dis-
tribution of heat input into the liner must be known, in addition
to the liner emissivity. If the maximum liner temperature is pro-
vided the magnitude of the heat distribution need not be speci-
fied. In Appendix A we calculate the temperature and intensity
profile for a typical industrial furnace with a graphite liner hav-
ing emissivity 0.75 (see p. 127 of Siegel and Howell, 1981).
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3) The directional dependence of the emissivity and absorp-
tivity for the preform is neglected: i.e., the glass is modeled as a
diffuse spectral surface. As shown by Gardon (1956) for a glass
sheet, this assumption becomes invalid for angles near 90°
{where 0 degrees represents the normal). However, for large
angles the configuration factor is small and there is little contri-
bution to the total radiative flux. The directional spectral emis-
sivity, €, and directional spectral absorptivity, o}, are taken to be
equal to the hemispherical spectral emissivity, ¢,. Values of the
hemispherical spectral emissivity for cylindrical glass media
have been estimated by Sayles and Caswell (1981). Their results
are reproduced in Figure 2.

The optical thickness referred to in Figure 2 is the product of
the fiber diameter times the absorption coefficient at a given
wavelength. Unfortunately at temperatures near the softening
point of silica glass, values for the absorption coefficient are not
well known. Data taken at room temperature is used in this
model until high-temperature data become available. The ab-
sorption coefficient for glass can usually be closely represented
by a step (band) model; such a model for silica glass is given in
Figure 3. Once the fiber diameter is specified, the emissivity is
calculated from Figures 2 and 3. We remark that when the fiber
diameter is above 0.5 cm (roughly), precise values of the absorp-
tion coefficient are not required. In this regime the emissivity is
effectively zero for wavelengths below about 3 um, and the
asymptotic value 0.9 is attained above 3 um.

The energy per unit area emitted by an element on the glass
surface is

g.— [ ewe dn, ©)

where e, is the blackbody hemispherical spectral emissive pow-
er. After incorporating a band model for ¢,, we have

DIV N (10)

i N

Over each wavelength band the emissivity ¢, , is constant. For
the band model of Figure 3,7 = 2, with A; = 3 um, A, = 4.8 um,
and \; = 8 um. The final form for the radiated energy per unit
area is obtained by inserting the specific form of the Planck dis-
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Figure 2. Emissivity as a function of optical thickness.

From Sayles and Caswell (1981)
a = the absorption coefficient; b = the cylinder radius
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Figure 3. Step model for absorption coefficient of silica
glass.

Measured at room temperature by H. Hoover, Corning Glass
Works.

tribution function into e,,:

15 & £
= 4  — —
g=oT' Y ais fe 1% (11a)
where
£ - 14,388 um - K/\T (11b)

Because only the limits of integration depend on any of the phys-
ical variables, the integral in Eq. 11 can be computed efficiently
by interpolating between tabulated values and numerical qua-
drature is unnecessary.

To calculate the energy per unit area absorbed by the glass,
consider a small element of area dA4,, on the wall radiating to a
small element of area dA, on the surface of the glass. The energy
radiated by dA, which is absorbed by dA4, is

(12)

A,
4, - cos 3, cos 8, dA,d f il d,
A

Sz AW

where 8, and 8, are the angles that the normals to 44, and d4,
make with the vector joining the two areas, S is the distance
between dA, and dA,, and i;,, is the spectral intensity of the
radiation leaving dA,,. Explicit forms for the geometric quanti-
ties are given in Appendix B. The radiation leaving d4,, is com-
posed of reflected as well as emitted radiation. However, since
the emissivity of the liner is high (approximatedly 0.75), for the
purpose of determining spectral composition we will assume that
the radiation is emitted from a gray body at temperature of 7,,
with an effective emissivity equal to U/ (s T%). Here U is the total
energy per unit area leaving dA, and T, the local wall tempera-
ture. Upon setting the glass absorptivity equal to the emissivity,
incorporating the step representation for the emissivity, and
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writing out the Plank distribution function, we arrive at:

cos B, cos B,dA,dA, g Z

4. - s? T 5
where
£, = 14,388 um - K/AT,. (13b)

To obtain the total radiation absorbed by dA, due to incident
radiation from all parts of the furnace, we must integrate with
respect to d4,. The integration in the circumferential direction
can be done in closed form; the result is given in Appendix B.
The final result is an integral over the liner in the axial direc-
tion:

[ ee
P - f dz,U(z,)F(z, R, z.,)
0

dA,

15 feoten 8
Y e —= g, (14
Z &, f s (14)

4
T o) eXpé — 1

where z and R are coordinates for d4, and the geometric factor
F is given by Eq. 4 of Appendix B. The temperature used in cal-
culating £, is the local wall temperature at coordinate z,. The
radiative energy per unit area leaving the furnace, U(z,), and
the wall temperature profile, 7, (z,), are calculated in Appendix
A.

Solution Strategy

We first make the following transformations, which nondi-
mensionalize the governing equations and introduce the distur-
bance variables.

z=L{ (15a)

t= %T (15b)

v/ Vo =¥ + ¢/ (5, M) (15¢c)
R/b=x®OI1 + X )] (15d)
T/T, =61 + 6, 7] (15¢)
9. =0T}¢(5, R/b, T/T,) (15f)
9o = oT0,($, R/b) (15g)

# = p(TIn(T/T,). (15h)

The time-varying quantities are assumed small compared to the
mean quantities. We now insert Egs. 15 into Egs. 1,2 and 8, and
neglect squares of primed quantities. The mean equations arise
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at zeroth order in the primed quantities:

d —
g - 16
& W) =0 (16a)
d% 2dydx 1dndddy
@t yaaaaa t O
—do C
1Pd—= — = (e — ¢0) (16¢)
¥4 X
where
20T3L
v (16d)

Because of the nondimensionalization by the initial velocity, the
radiation transfer coefficient is normally quite large. For silica
glass Cg =~ 150. Geyling and Homsy (1980) give a range of 0.1 to
2.0 for their radiative transfer coefficient, which is nondimen-
sionalized by room temperature. Scaled on the softening point of
silica glass this range becomes about 30 to 600. The velocity typ-
ically increases by more than a factor of 100 throughout the
elongation process, so that a scaling by the final velocity would
produce a coefficient less than (possibly much less than) one.
The physical implication is that at the top of the draw-down
zone the radiation transfer terms dominate: i.e., the temperature
is dictated just by a balance of emitted and absorbed radiation.
At the bottom of the draw-down zone the convection of energy
down the fiber is more important than heat transfer by radia-
tion.

At first order in the primed quantities we have the linearized
disturbance equations:

VoY
NI T

0x —ax

1//—— (17a)

— O [dY  1dndd_\oy
Vo *(d; YT )_;
Bd\pdn60’+[0d0d¢d2

YL
dc o pdr d6oc T |nds de do?
ldndidy ﬂﬁﬂ(“"

TIBK L P ds do)]0'“° (170)

ao' ¢ _do

W/a—g. d*(l9 +¥ +x)
3¢e ¢, ~ ,0¢,

+ 00 == — ' =|. (17
™ 35~ XX ax) (17¢)

=._..__.

X

The term 3¢,/ dx accounts for the change in configuration factor
and glass absorptivity as the fiber radius changes. The factor
d¢,./dx likewise accounts for changes in emissivity with radius,
in the emitted radiation. The change in spectral distribution
with temperature of the emitted radiation is contained in 8¢,/98.
Differentiation of ¢, with respect to x is performed by differen-
tiating through the integral sign in Eq. 14. To avoid numerical
differentiation of tabulated values, the points comprising Figure

AIChE Journal



2 can be closely fit to a function having a negative-exponential
form.

In order to solve the mean and disturbance equations it is nec-
essary to specify a viscosity-temperature relation. We choose the
following:

w(T) = u(T)) exp [7 (ZT - 1)] (18a)
for which
1 dn Y
OF (180)

The relation is based upon empirical data for silica glass, with
v =~ 32. The viscosity-temperature dependence for other glasses
is also quantitatively captured. For the specific viscosity-tem-
perature relation in Eq. 18, the mean and disturbance mo-
mentum equations (Eqgs. 16B and 17B) become

d% 2dxdy ~ydody
BT ixx Fad’ )
and
_&  [(dy v dB-\ow
‘p"aF”L(—?—??i?‘P)ﬁ?
dyox ydbol ydidy
luw daa T rax’ % 0

The type of boundary condition imposed depends on the kind
of problem under consideration. In this paper we study three
kinds, which are described below. Results obtained by numer-
ical solutions of the equations will be discussed later.

Mean (base) flow

Equations 16a, 16c and 19 are solved subject to the following
boundary conditions:

X () = Xo

Yo =1

() =1 (212)
Y@ =E (21b)
b5y = 1. (21c)

where {o = 2o/L, {i = z1/L, Xo = Ro/b, and E = V,/V, is the
extension ratio. The endpoints of the draw-down zone, {; and {,,
are a function of the glass radius and must be determined as part
of the solution. It was noted earlier that, for large Cg, the energy
equation (Eq. 16c) reduces to a balance of emitted and absorbed
radiation at the top of the draw-down zone. Thus {, can be
obtained by solving a nonlinear algebraic equation once the
radius of the preform at the top is specified. The lower endpoint
must be found by solving the differential equation. The solution
strategy we adopted was to adjust the values of {, and
(dx/d$)($,) until the solutions of Egs. 16a, 16¢ and 19 satisfied
Eqs. 21, using a Newton method to refine the iterates. The dif-
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ferential equations were solved with a predictor-corrector meth-
od. Computation times were reduced by first calculating the
absorbed radiation at specified locations inside the furnace vol-
ume, and storing the results in a two-dimensional array. Values
of the absorbed radiation required in the solution of the differen-
tial equation were then obtained by interpolation. Required
CPU time on a VAX8800 was on the order of a minute.

Eigenvalue problems
Normal modes of the form

V(1) = [66) + ii(§)]err (22a)
X 1) = D6 () + (et (22b)
(5, 7) = [6,(5) + i, ()] et (22¢)

are assumed, where i = v —1. Equations 17a, 17c and 20 are
decomposed into real and imaginary parts and solved subject to
homogeneous boundary conditions:

X (§0) = X:(§0) = ¥, (§o) = ¥ (§o) = 6,(5) = 6:(5) =0 (23a)

¥(5) = ¥i(§) = 0. (23b)
Boundary conditions (Egs. 23) are only approximate, since they
don’t account for the shift in melting-point or freezing-point
location due to local temperature variations [i.c., nonzero
& (&, ) or # (<, 7)]. Pearson, Shah, and Mhaskar (1976) and
Chang, Denn, and Kase (1982) derive more realistic “dynamic”
boundary conditions, as will be considered below. Pearson,
Shah, and Mhaskar also allow for the elasticity of the solid
fiber.

For a given extension ratio and draw-down length, the homo-
geneous system has a solution only for a discrete set of eigen-
values {(w, + iw;),.. The real parts determine the susceptibility
of the draw-down flow to the “draw-resonance” instability. The
flow is linearly stable if all real parts are negative, as any
imposed infinitesimal perturbations decay with time. The flow is
linearly unstable if any real part is positive.

Once the base flow is determined, the normal modes can be
found by iteration on w, and w,. Of more interest in this paper,
though, is the value of the critical extension ratio as a function of
the viscosity-temperature coefficient, v. The critical extension
ratio is the value of £ for which the least negative w, is zero.
Because E is unknown, the mean flow must be solved along with
the disturbance flow. The solution strategy employed in the
mean flow solution is also applicable here, except that iteration
on three variables is required. Processor requirements for our
computations were found to be slightly larger than those for the
mean-flow solution.

Boundary-value problems

A periodic velocity ¢, = £“7 is imposed at {,, which models the
effect due to an unsteady take-up rate. Purely oscillatory normal
modes at frequency w are assumed; the modes are given by Egs.
22 with w, = 0 and w; = w. The boundary conditions are identical
to Eqgs. 23, except for

¥ (6) =1 (24)
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Since the disturbance equations are linear, the amplitude of the
forcing velocity may be taken to be unity. The dynamic boun-
dary condition (Pearson et al., 1976; Chang et al., 1982) at {;, in
the present notation, is:

1 dy/dS ) .
——Em(ﬁ,+10,~)+ll/,+l\l/,~—l. (25)
The effect of imposing boundary condition (Eq. 25) was
assessed in the calculations. A similar dynamic condition could
be applied at the melting point {,, whenever a temporal depen-
dence is imposed on the feed-in process. For example, preform
roughness will vary the radiation configuration factor and hence
the local temperature, causing the melting-point location to
shift.

The boundary value problem can be solved by standard shoot-
ing methods, in which dy,/d{ and dy,/d{ at §, are adjusted until
convergence is achieved. Mean flow quantities calculated above
are utilized in the solution. The amount of processor time
required was again on the order of a minute on a VAX 8800.

Results and Discussion

For all of the results described in this section, the furnace
liner described in Appendix A applies. The glass in each case is
fused silica.

The model was tested in the case of steady flows by compar-
ing the predicted radius profile with an actual shape. The exper-
imental shape was obtained by measuring the quenched preform
remaining after the drawing process. The two radius profiles are
displayed in Figure 4. The experimental and theoretical values
are seen to agree well, given the limitations of the one-dimen-
sional model. The maximum value of the surface slope, required
by the theory to be small, is about 0.4 (measured). The model
underestimates the maximum slope by about 20%.

The first study of unsteady flows was the linear stability anal-
ysis described by Egs. 22 and 23. The initial radius R, of the
preform was taken to be 70% of the liner radius, or about 3 cm.
Since the spectral properties of the glass (e.g., emissivity)
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Figure 4. Mean radius profiles of drawn preform.
Radial coordinate is normalized by liner radius, axial coordinate by
liner length.
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depend on the absolute dimensions and temperatures rather
than dimensionless ones, the results are not completely general.
They are representative, however.

The critical extension ratio as a function of viscosity-tempera-
ture coupling coefficient v is plotted in Figure 5. Computations
were halted when the fiber failed to freeze before exiting the fur-
nace. For Cg = 50 this point occurred at E ~ 600 and vy ~ 8. At
smaller values of Cy cooling by radiation is less effective, and
hence the faster-moving (larger extension ratio) fibers exit in
the liquid state. To treat cases where the fiber freezes outside
the furnace, the model would have to be modified to include con-
vective heat transfer to the low-temperature surroundings.

The most apparent feature of Figure 5 is the stability of the
preform-drawing process at values of v greater than 10. Silica
glass (v ~ 32) drawing at large values of Cg is stable at all exten-
sion ratios. Shah and Pearson (1972) reported very similar
behavior in the case of draw-down flows with convection-domi-
nated heat transfer. Their stability boundary as a function of the
viscosity-temperature coupling coefficient closely resembles the
contours in Figure 5.

It is interesting to note that in the parameter range where
instability can occur, an increase in Cg actually decreases stabil-
ity. (The critical extension ratio is lower at fixed ».) Shah and
Pearson also noted this trend. An increase in their Stanton num-
ber, analogous 10 Cy, produces a decrease in stability at large
values of the Stanton number. Of course, the trend must reverse
as Cg becomes small enough, since E is very small (20.21) and
independent of v in the Cg = O (isothermal) limit. Geyling and
Homsy (1980) have illustrated the complexity of the small Cy
limit. They found with their radiation model that the stability
contours were of very nonmonotonic shape, perhaps not even
simply connected. This limit was not investigated here, because
it is below the range of practical interest, and the assumptions of
this model are not satisfied for small Cg. An investigation of the
small C, regime is an important subject for future investiga-
tion.

The results of Figure 5 were discovered empirically years ago
in the preform-drawing industry, at values of «y appropriate for
commercial glasses. Hence the practical value of this model lies
largely in its ability to quantify other sources of diameter varia-
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Figure 5. Critical extension ratio versus viscosity-tem-
perature coupling coefficient.
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tions. One such source is an unsteady take-up speed, which was
analyzed by solving the boundary-value problem described by
Eqgs. 24 and 25. The final diameter variation relative to the mean
diameter is given by the magnitude of the complex disturbance
radius x, evaluated at the freezing point {,. The diameter varia-
tion is plotted as a function of forcing frequency in Figure 6.
Because time is normalized by the very large scale L/V,, the
dimensionless frequencies considered are quite high.

Following a sharp initial drop, a slow, nearly linear decay
with frequency can be seen in Figure 6. The oscillations modu-
lating the linear decay are presently being studied; it is known
however that their amplitudes depend strongly upon the furnace
temperature profile. Figure 6 also demonstrates how the draw-
down flow is very insensitive to unsteady take-up rates. At a
dimensionless frequency of 1,000, the ratio of unsteady velocity
amplitude to radius amplitude is 10, i.e., a 10% velocity varia-
tion would be required to produce a final radius perturbation of
1%.

A set of experiments was performed to experimentally evalu-
ate the frequency response to the unsteady take-up rate. A pre-
form of initial dimensionless radius 0.8 was elongated by an
extension ratio of approximately 300. Once the process was
judged to be as steady as possible, the take-up speed was deliber-
ately varied at frequencies of 0.005, 0.01, and 0.02 Hertz. The
diameter of the fiber exiting the furnace was measured by a
detector and recorded on chart paper. Four cycles of the trace at
0.02 Hertz are shown in Figure 7. The chart recording was digi-
tized and processed through a Fast Fourier Transform program,
to separate the linear response at the desired frequency from
nonlinear effects and preexisting oscillations at other frequen-
cies. The experimental diameter responses are displayed on Fig-
ure 6. The theoretical value is within a factor of two of the exper-
imental one at the low frequency, and within a factor of three at
the high frequency. The theoretical values show the correct
decay with frequency as measured by the experimental fall-off.
The overall agreement of theory with experiment is considered
to be good, in light of the difficulties inherent in quantitatively
treating radiation heat transfer.

Also given in Figure 6 are values of the perturbation radius
calculation using the dynamic boundary condition (Eq. 25). The

0.9
0.8

0.7 Calculated l

A Experimental

0.6 * Calculated using B.C. (25)
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Figure 6. Diameter response to periodic take-up rate of

unit amplitude as a function of frequency.
Time is nondimensionalized by the convective time scale L/ ¥,
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3.25 mm ——
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Figure 7. Experimental trace of diameter at take-up point

as a function of time.
Forcing period is 50 seconds.

agreement between the two theoretical values is close at all fre-
quencies, possibly indicating an insensitivity of the response to
endpoint boundary conditions. Chang, Denn, and Kase (1982)
also discovered a weak dependence upon boundary condition in
the final radius perturbation. Such an insensitivity is encourag-
ing, considering our imprecise knowledge of the equations
describing solidification.

Conclusions

The theory of unsteady draw-down flows has been extended
to include the case of preform drawing, in which radiative
exchange with a furnace is the dominant form of heat transfer.
A radiation heat transfer model was introduced which ac-
counted for the shape of the preform surface, the spectral varia-
tion in the glass properties, and the dependence of emissivity
upon fiber diameter. A set of linearized disturbance equations
based upon the smali-slope assumption was derived and solved
subject to two separate boundary conditions. The sclution to an
eigenvalue problem provided a set of stability boundaries for the
critical extension ratio as a function of the viscosity-temperature
coupling coefficient v, at several values of the radiation transfer
coefficient Cg. At values of Cg and ¥ encountered in practice,
the preform-drawing process was found to be extremely stable.
A boundary-value problem was solved to analyze the effect of a
periodic take-up rate on the final fiber diameter. The magnitude
of the disturbance radius plotted against forcing frequency
revealed an insensitivity of the process to fluctuations in take-up
speed. The results of the boundary-value problem were found to
be in good agreement with experimental values, especially in
dependence upon frequency. Further insight into the sources of
diameter variations can be readily obtained with the model,
through consideration of different mean flows and sensitivity
studies based upon other disturbances.

Acknowledgment

The support of Dan Nolan of the applied physics group is gratefully
acknowledged. The author wishes also to thank Dale Powers and Mark
McDermott for help with the experiments and Walt Buehl for many
productive discussions.

Vol. 35, No. 4 599



Notation

a = absorption coefficient
b = radius of furnace liner
¢, = specific heat of glass
Cr = (26T3L)/(pc,Vob) = radiation transfer coefficient
dA, - differential area element on glass surface
dA,, = differential area element on liner
d*Q, = energy radiated by d 4, which is absorbed by dA4,
E = V,/V, = extension ratio
ey, = blackbody hemispherical spectral emissive power
F = geometric factor for calculating radiation from liner to
glass
— spectral intensity of radiation leaving d4,,
i = Cartesian unit vector in x-direction
_Jj = Cartesian unit vector in y-direction
k = Cartesian unit vector in z-direction
k = thermal conductivity of glass
ks = thermal conductivity of purge gas
k, = (—16n%¢T?)/(3a) = “radiation conductivity”
L = length of furnace liner
n = index of refraction
fi, = unit vector normal to dA,
7, = unit vector normal to dA,,
Pr = Prandtl number of purge gas flow
g, = absorbed radiation per unit area
g. = convective heat transfer to purge gas, per unit area
q. = emitted radiation per unit area
R = radius of glass surface
R, = radius of preform before draw down
Re = Reynold’s number of purge gas flow
r = radial coordinate measured from z-axis
_§ = external heat per unit area added to liner
§' = vector connecting d4, and dA,
S =lengthof §
t = temporal coordinate
T = glass temperature
T, = softening point of glass
T, = temperature of dA,,
U = total radiated energy per unit area leaving dA,,
v, = axial velocity of glass jet
V, = axial velocity of glass jet at z = z,
V| = axial velocity of glass jet at z = z,
z = axial coordinate aligned with axis of system rotation
zo = upper endpoint of draw-down zone
z, = lower endpoint of draw-down zone
z, — axial coordinate of d4,
z,, = axial coordinate of dA4,,

i,

3

|

Greek letters

o, = directional spectral absorptivity of glass
B, = angle between S and 7,
8, = angle between S and n,,
v = viscosity-temperature coupling coefficient
AT, = representative temperature difference between glass
surface and liner
AT, = difference between maximum liner temperature and
Tx
¢, = directional spectral emissivity of glass
& = hemispherical spectral emissivity of glass
¢, = emissivity of liner (assumed to be a diffuse, gray reflec-
tor)
E = b/L = slenderness ratio of glass jet
¢ = z/L = dimensionless axial coordinate
{o = zo/ L = dimensionless upper endpoint of draw-down zone
§1 = z;/ L = dimensioniess lower endpoint of draw-down zone
n = u/u(T,) = dimensionless viscosity
# = dimensionless mean glass temperature
6" = dimensionless disturbance glass temperature
8,(£) + i6,(¢) = complex amplitude in normal-mode decomposition of
disturbance temperature
A = wavelength of radiation
p = glass viscosity
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£ - 14,388 um - K/(AT)
p = glass density
o = Stefan-Boltzman constant
1 = Vyt/L = dimensionless temporal coordinate
¢a = 4./ (aT?%) ~ dimensionless absorbed radiation
¢. = 4./(cT?) = dimensionless emitted radiation
¢ = polar coordinate
¢, = polar coordinate of dA,,
¢o = value of ¢, at which cos 8, = 0
X = dimensionless mean radius of glass surface
x' = disturbance radius of glass surface
Xo = Ry/b = dimensionless radius of preform before draw-
down
xA$) + ix{{) = complex amplitude in normal-mode decomposition of
__ disturbance radius
¥ = dimensionless mean velocity of glass jet
¥/ = disturbance velocity of glass jet
V) + iY({) = complex amplitude in normal-mode decomposition of
disturbance velocity
W, + lw; = cqmplex growth rate of normal modes in stability anal-
ysis
w = disturbance frequency in unsteady boundary-value
problem
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Appendix A

In this appendix the temperature and radiative flux for a
cylindrical enclosure are calculated from theoretical consider-
ations, using the method of Usiskin and Siegel (1960). The tem-
perature is assumed to be high enough that heat-transfer modes
other than radiation are unimportant.

Consider a hollow cylinder of radius b and length L which is
heated from the outside by a source s(z). The environment tem-
perature at each end of the cylinder is 7,. Usiskin and Siegel
showed that the total radiation fiux leaving the surface is

U(z) = oT} + I(2), (A1)
where ['(z) solve the integral equation
I(z) = s(2) + [ TK(z - n) d
[4]
L
+ [T TKG( - 2y dn (A2)
with
x* + 3x/2
K(x) =1 - m . (A3)
The wall temperature 7, is obtained from the relation
. 1 —¢,
oT.(2) = s(z) + U(2), (A4)
€,

W

¢, being the emissivity of the liner. The liner is assumed to be a
diffuse gray reflector.

A conventional induction furnace liner was modeled by taking
s to be constant over part of the length and zero elsewhere. Spe-
cifically, the fraction between z = 0.5 and z = 3 diameters is
heated. The length of the liner is 5 of its diameters. The environ-
ment temperature was taken to be one-seventh the softening
point of the glass. The magnitude of the constant heat flux was
not known, however, it was assumed that the maximum furnace
temperature was 1.17 times the softening point. For silica glass
this corresponds to a maximum temperature of 2,000°C based
upon a softening point of 1,667°C.

Equation (A2) was solved by the method of successive
approximations, startng from an initial guess for I'(z) in the
form of a parabola. Roughly 100 iterations were required to
achieve an average (over an 80 point grid) relative error of 107>,
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Approximately 10 minutes of CPU time (on a VAX 8800) was
required. By normalizing I" with the magnitude of s(z), it was
necessary to solve Eq. A2 only once to determine the heat flux
necessary for attaining the desired maximum temperature.

The profile T, (z) was shown to the right in Figure 1.

Appendix B

In this appendix we evaluate the geometric factor

b -y cos B, cos B, do,

F-- f% g (B1)

appearing in the expression for the absorbed radiation. The vari-
ous quantities in the integrand are defined as follows.

Consider a differential element dA,, located on the wall, hav-
ing cylindrical coordinates (r, ¢, z) = (b, ¢,, z,), and an element
dA, on the surface of the glass with coordinates (R, w/2, z,).
Due to rotational symmetry the polar coordinate of dA, is un-
important; we take it to be /2 (where the x-axis represents ¢ =
0) for convenience. The normals to dA4, and 44, are

—~ dR-.
Sy
— J dz
Mg = dR\2/2
1+ |
@
and
M, = — cos @ui — sin ¢, ],

where—i:}’, and k are the standard Cartesian unit vectors for a
coordinate system in which draw down takes place along the
positive z-axis. The cosines of the angles between the normals
and the vector connecting dA, and dA,, are

. dRrR
bsing, — R — E(zww Zy)
cos 8, = TR
— S
()
and
b — Rsin g,
Cos 6»7 - S ’
where

S = [P cos’ ¢, + (R — bsing,) + (z, — 2,)']"/*

is the distance separating the two area elements. The limits of

integration represent the angles at which d4, can no longer see
dA,,i.e., where cos 3, = 0:

dR
bsing, — R —-d—z(zw~zg)=0. (B2)

Due to even symmetry about ¢, = /2, the integral from ¢, to
/2 can be doubled. Expression B1 becomes
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2 R_RZ —2 R e+ sin 1+£€_2+c_1_15___zw—zg§
2/(xb) m, b _dz b b GO T b b ®3)
F- f Pw [ R 2R . Ze — Z5\PP
1+£§2 1+—b7— ;sm%%— 5
dz
Standard techniques can be used to perform the integration in - _f Z, — Zg B4d
Eq. B3. The result is G=1+ 2\ » (B4d)
F 2/(br) (1 C,C, - C,Cz) cosx X
N Mzl \2 D? C, + Cysinx  2C, R
14 (2R P ¢ Ci= 2= (Bde)
dz b
C
2ACCy ~ GC) — -C—31)2
+ 4 D’ =Ci-CL (B4f)
D3
c tanf 1 C /2 To the level of accuracy retained in the energy equation,
} 2 ¢ (Bda) terms containing dR/dz or its square may be neglected under
+ arctan D 0 the small-slope approximation. The slope is muitiplied by the
potentially large factor (z, — z,)/b, however, in these cases
where (z, — z,)/b also appears raised to negative fourth power. The
entire term is then extremely small when (z, — z,) is much
R dRz,—-z, larger than b. (The physical statement is that most of the heat
C=-2 2 4z b (B4b) comes from the part of the furnace directly opposite the observa-
tion point.) The absence of the (dR/dz)[(z, — z,)/b] terms pro-
R RdRz. -z duces a significant simplification in the disturbance equations.
=1+ (S5 (Bdc) o o
b b dz b Manuscript received Aug. 17, 1988, and revision received Dec. 19, 1988.
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